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Abstract--Often symmetry is simply understood asmeaning only mirror-symmetry. Butthe term "sym- 
metry" has to be thought of in a much wider sense. There are several steps in the definition of symmetry 
reaching from isometry with the two possibilities ofpoint and translational symmetry, over homoeometry, 
antisymmetry and colour symmetry to the most general definition of symmetry as "harmony of the 
different parts of a whole". For all these concepts of symmetry one can find examples inarchaeology. 
Group theoretical methods tart playing an important role for the classification and as well for the 
typological characterization of objects in the field of archaeology. Cooperation of certain scientific 
branches provides new methods and also new possibilities of perception i archaeology (B. Hrouda, 
Methoden der Arch~iologie. Beck, Munich (1978). In analyzing the ornaments of prehistoric Tell Halaf 
pottery of northern Mesopotamia of the 5th millennium B.C., different symmetry operations in successive 
phases of development of pottery could be found by employing group theoretical methods which were 
developed incrystallography and mineralogy. 
When talking about this subject, one cannot really isolate it from the much more general idea: 
"symmetry in art",  because the archaeological discoveries, in so far as they are of interest in 
this context, represent documents of the artistic skill and the conception of art people had at 
that time and efforts have been undertaken to obtain, on this basis, informations about those 
people, their way of thinking, their sociology. I can contribute only a few brief thoughts to this 
general question. 
The widely used sense of the term "symmetry"  is only "mirror-symmetry",  or, in par- 
ticular in the field of archaeology, "antithetical principle". This restriction is not necessary, 
and not only for mathematical reasons. The term "symmetry"  has to be understood in a more 
general way. 
1. THE PROBLEMS CONCERNING MATHEMATICS AND ART 
It often occurs that artists and art historians believe that mathematics and art have nothing 
in common at all. Sometimes, however, one recognizes that mathematics play at least the role 
of an auxiliary science. In reality, these relations are much stronger: there does exist an identity 
of character between mathematics and art. A. Speiser[1] writes: "Mathematics is the science 
of the things which exist and which do not depend on the I . . .  the foundations of mathematics 
are also those of art". To H. WOlfflin, the art historian[2], the essential thing about art is its 
form, whereas the essential point concerning history of art is the inner evolution of its form. 
In the context of our subject one partial aspect of this form is being dealt with. This constitutes 
finally the justification of the following argument. 
2. STEPS IN THE DEFINITION OF "SYMMETRY" 
Different kinds of symmetries correspond to different kinds of groups. 
2.1. Isometry 
"Symmetry means the repetition of equal elements in space and/or time"[3]. This repetition 
can take place in two different ways. 
+ln memoriam Prof. Dr. Hans Sedlmayr, Salzburg. 
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2.1.1. Point symmetry. The form of a configuration can be such that certain rotations and 
rotoinversions can be carded out which transform the configuration i itself while, at the same 
time, at least one point does not change its position. The rotation of a vector within a fixed 
coordinate system can be described by the matrix 
Cn = | sin (2~r/n), cos (2Tr/n), . 
0, 0, 
This matrix refers to an n-fold rotation. One obtains the matrix for the corresponding rotoin- 
version by multiplying with the negative unity matrix. The special case of the two-fold rotoin- 
version means mirror symmetry or, better, bilateral symmetry which plays an important role 
in all cultures. The perhaps oldest known example of bilateral symmetry in art is the pair of 
leopards in the second-oldest town on earth, in ~atal Htiyt~k, which dates back to about 5800 
B.C.[4]. Further examples.in the field of archaeology are the lions' gate in Mycenae[5] and 
presentations of man in the archaic but also in Egyptian and Iberic art. If there is only mirror- 
symmetry, apart from identity, one has got the point group m ~ Cs. Among the altogether 32 
classical crystallographic point groups there are ten in particular which play a special role 
because plane structures can be classified by them, as for example seals from old Crete and 
Mycenae[6]. There the point groups 2, 3, 4, 6, 8, m, ram2, 3m and 4ram appear. D. Speiser[7] 
has found the group 6ram on small plates of gold along with the treasure of Mycenae. 
2.1.2. Translational symmetry. The repetition of equal elements that is required by the 
definition of symmetry (isometry) can take place by means of a translation as well. Each one- 
sided, one-coloured band ornament, in whatever cultural background it has its origin, can be 
associated with one of the seven band groups with simple rapport. For mathematical reasons 
the artist is, mostly unconsciously, obliged to that rule. His literally artistic liberty resides only 
in the fact how he models the object. The art historian H. Sedlmayr[8] proposed that there is 
a characteristic frequency distribution of the appearance of these seven band groups in the 
different cultural societies and that there are probably critical groups as well within which 
changes of style take place or show up. Partial examinations referring to these questions have 
already been made[3,9-13]. Overlapping lines, such as they appear in ornaments from time to 
time, lead, so to say, to a double-sidedness. Such ornaments are to be associated with the 31 
one-coloured relief band groups[13]. Mrs. E. Mt~ller[14] in her thesis made under A. Speiser, 
Zurich, has undertaken an examination using group theory and analyzing the structures of the 
Moorish ornaments of the Alhambra in Granada. The relief band group p222, in particular, is 
found there very often. 
When admitting the doubly infinite rapport, one ends up with the areal ornaments the 
symmetry of which can be described by 17 plane groups. Egyptian areal ornaments were 
classified by Speiser[ 15], Moorish areal ornaments by Mt~ller[ 14] and areal ornaments inAfrican 
Bakuba and Benin cultures by Crowe[ll,16], all applying group theory. In the case of over- 
lapping lines one is forced, because of the double-sidedness of areal ornaments, to classify 
according to one of the eighty layer groups[18]. 
Further steps of symmetry are: 
2.2. ttomoeometry 
"Symmetry finds its expression in the repetition in space or time of similar elements, 
motifs or behaviours"[ 17]. For this phenomenon one finds examples in archaeology, too[ 13]. 
2.3. Antisymmetry 
If, together with an operation of symmetry, some quality (e.g. a colour of a configuration 
or the direction of rotation of a magnetic moment inside a crystal) changes, we speak, according 
to the proposition made by Shubnikov[18], of antisymmetry. There are 122 so-called magnetic 
point groups[ 19], 31 one-sided, but two-coloured band ornament groups[ 18], 179 double-sided 
and two-coloured relief band groups[20] and in addition 528 two-coloured and double-sided 
layer groups[21]. 
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2.4. Colour symmetry 
In an extended sense, colour symmetry is referred to every time one quality cannot be 
classified any more by just two signs (plus/minus or black/white) but when more than two 
possibilities or "colours" may appear. The theory of colour groups has been worked out by 
Belov[22] (see also Loeb[23]). 
3. ORNAMENTS OF THE TELL HALAF CERAMICS 
Until now, there have been only few studies demonstrating the application of group theory 
for the classification and characterization f archaeological material. In a recent study of painted 
Tell Halaf ceramics 400 vessels with approximately 700 patterns were classified according to 
their symmetrical composition[ 13]. The Tell Halaf period in the Near East covers the time from 
about 5200 to 4500 B.C. The following is a summary of the results of the study: 
The analysis of the motifs, the patterns, and the composition of the decoration of the entire 
vessel showed a development of the ornaments in four phases for the painted Tell Halaf pottery. 
The bilateral symmetry in the composition of the patterns is characteristic of the pottery 
of this culture. 
The earliest phase of the Tell Halaf pottery includes the band groups pm, prom2 and pma2 
as well as the plane groups plml, p2mg, clml and c2mm. The patterns in the second phase 
are characterized by the introduction of ornaments showing point symmetry. In the third and 
fourth phases antisymmetrical patterns are introduced. 
The use of point groups is limited to the interior bottom of the vessel, whereas band groups 
and plane groups are primarily employed for the decoration of the inner and outer wall surfaces. 
Present are the point groups 1, m, mm2, 5m, 7m, 4mm, 6mm, 8mm, 12mm, 16mm, 32mm and 
64mm. Of these, the groups 4mm and 8mm predominate. 
Of the seven possible band groups all but the group pla are present, prn and pmm2 are 
by far the most frequently used band groups. 
Relief band groups on Tell Halaf pottery do not exist. For the first time these groups occur 
in the second half of the third millennium B.C. in Mesopotamia with the appearance of the 
guilloche. 
The plane groups c2mm and p4mm predominate over the other existing groups pl ,  p2, 
plml, p2mg, and clml. 
Frequently used are simple linear or plane patterns belonging to the semicontinuous groups 
p01, pom, pomm2 or the continuous group poo~m/18/. 
With the introduction of polychrome painting in the late Tell Halaf period, bichromatic 
patterns appear showing the antisymmetrical band groups, p'mm2, pmm'2', p'ma2 and pma'2' 
or the plane groups p2', p'2mg, c2'mm', p'4mm, p4m'm', p'4mg and p6'mm'. The most widely 
used bichromatic pattern is the chess-board, i.e. the plane group p'4mm. 
Comparable arly cultures in the Near East show differences with respect o the pottery 
decoration. Thus ornaments with rotation and glide symmetry were preferred on the Hassuna 
and Samarra pottery of northern Mesopotamia. Interesting here is the occurrence of the point 
group 4 and the band groups p112 and pla. The symmetry group appearing most frequently 
on the Obed pottery of southern Mesopotamia is the band group pma2. This symmetry group 
can be found on all decorated prehistoric pottery of the Near East. 
The symmetrical structure of the patterns on the pottery of the Hassuna, Samarra, and 
early Obed cultures eems to have a common origin whereas the original symmetry groups of 
the early Tell Halaf have no predecessors in the Near East. 
4. THE MOST GENERAL DEFINITION OF SYMMETRY 
A. Speiser[3,15] wrote: 
The same hr-yo~ (we mean the group concept) which generates the outer world of space in 
the large and the small does also work in a r t . . ,  here we find ourselves in the heart of art; 
we have thus penetrated not only to the inward part of Nature, but also into that of Art. 
786 J. BRANDMULLER 
On the other hand Picasso wrote[24]: 
In my opinion a work of art is the product of calculations, calculations which often are 
unknown to the artist himself. He behaves himself exactly like the carrier pigeon calculating 
its way back to the loft. Such calculations precede our intelligence. 
Such obviously deep correlations between mathematics and art have led to a very far 
reaching definition of symmetry. H. Weyl[25] has defined symmetry as "that form of con- 
cordance of several parts by means of which they form a whole." Speiser[26] defined symmetry 
as "harmony of different parts of a whole". An example of this step of symmetry in the domaine 
of archaeology, is, in my eyes, the parthic agora of Assur[27]. The reconstruction of the 
archaeological discoveries and its results show the overwhelming harmony of the horizontal 
and the vertical lines and the curves. It is the concordance of the same elements which in Venice 
(horizontal line: fronts of the Ducal Palace, of the library of S. Marco and of the "Procuratie"; 
vertical line: Campanile; curves: the five domes of S. Marco) but also in its predecessor Torcello 
(horizontal line: nave of the cathedral; vertical ine: Campanile; curves: S. Fosca) determines 
its particular beauty. 
5. SCIENCE AND ART 
P. Feyerabend, professor of philosophy of science at the ETH in Zurich[28] formulated 
the thesis: 
Perception without support from art is impossible. If one separates sciences and art not only 
by words but also in action, i.e. if any kind of communication between the two disciplines 
is cut, then art will continue to exist, but sciences will not. 
I believe, however, that not only is it useful for art to seriously study sciences in particular, 
but that there is a common root--Speiser would speak of h6"yoq--which should not be for- 
gotten. 
Acknowledgements--Thanks are due to A. Cornelsen and Th. Humer-Hager fo  the translation into English. 
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